We prove that a smooth Fano hypersurface V = V M ⊂ P M , M ≥ 6, is birationally superrigid. In particular, it cannot be fibered into uniruled varieties by a non-trivial rational map and each birational map onto a minimal Fano variety of the same dimension is a biregular isomorphism. The proof is based on the method of maximal singularities combined with the connectedness principle of Shokurov and Kollár.
In this paper the ground field is assumed to be the field C of complex numbers. Recall that a smooth Fano variety X of dimension ≥ 3, rk Pic X = 1 is said to be birationally superrigid, if for each birational map χ: X − − → X ′ onto a variety X ′ of the same dimension, smooth in codimension one, and each linear system Σ ′ on X ′ , free in codimension 1 (that is, codim Bs Σ ′ ≥ 2), the inequality
holds, where Σ = (χ −1 ) * Σ ′ is the proper inverse image of Σ ′ on X with respect to χ, and c(Σ, X) = c(D, X) stands for the threshold of canonical adjunction c(D, X) = sup{b/a|b, a ∈ Z + \ {0}, |aD + bK X | = ∅} D ∈ Σ, and similarly for Σ ′ , X ′ . It is well known [P2-P6] that for a birationally superrigid variety X the following properties are satisfied:
(i) X can not be fibered into uniruled varieties by a non-trivial rational map, (ii) if χ: X − − → X ′ is a birational map onto a Fano variety X ′ with Qfactorial terminal singularities such that Pic X ′ ⊗Q = QK X ′ , then X ′ is (biregularly) isomorphic to X. If X is superrigid, then χ itself is a (biregular) isomorphism. In particular, in the superrigid case the groups of birational and biregular self-maps coincide:
Bir X = Aut X.
(iii) X is non-rational.
The main result
Let M ≥ 6 be an integer, P = P M be the projective space, V = V M ⊂ P be a smooth hypersurface of degree M. Obviously, V ⊂ P is a Fano variety. By the Lefschetz theorem Pic V = ZK V = ZH, where K V = −H, H is the class of a hyperplane section on V . The main result of the present paper is the following Theorem. Variety V is birationally superrigid. Up to this day superrigidity was known for general (in the sense of Zariski topology) hypersurfaces V only [P3] . For an arbitrary smooth hypersurface V superrigidity was proved in dimensions three (the famous paper of Iskovskikh and Manin [IM] , which made the starting point of the modern birational geometry), four (see [P1] ) and probably M = 5, 6, 7, 8 [Ch1, Ch2] , see also a detailed exposition in [I] . However, certain points in Cheltsov's proof [Ch1, 2] seem not very clear.
Log-canonical singularities
Recall certain definitions of the theory of log-minimal models. For simplicity assume X to be a smooth algebraic variety,
Definition 1. An irreducible subvariety W ⊂ X is called a log-center of the pair (X, D), if for some resolution of singularities f : Y → X of the pair (X, D) with the set {E i ⊂ Y | i ∈ I f } of exceptional divisors we get
where for some i ∈ I f f (E i ) = W and e i ≤ −1.
The set of log-centres is not an invariant of the pair (X, D). However, the settheoretic union LC(X, D) =
of all log-centres depends on the pair (X, D) only. For an arbitrary point x ∈ X denote by the symbol LC(X, D, x) the connected component of the closed algebraic set LC(X, D), containing the point x.
Definition 2. The pair (X, D) is log-terminal at the point
The pair (X, D) is log-terminal at the point x, if x ∈ LC(X, D), or equivalently LC(X, D, x) = ∅. Definition 3. The pair (X, D) is log-canonical at the point x in dimension l ≥ 1, if the pair
is log-terminal at the point x in dimension l for sufficiently small ε > 0. In a similar way we define the property of being log-canonical at the point x. Now consider the pair (P k , D). We define the degree of the Q-divisor D in a natural way as the number
is log-terminal (respectively, log-canonical) at the point x ∈ P k in dimension l ≥ 1, where the integer l satisfies the inequality
then it is log-terminal (respectively, log-canonical) at the point x.
Proof is given in Section 2.
Scheme of the proof
Assume that the variety V is not birationally superrigid. Then on V there exists a moving linear system Σ ⊂ |nH| with a maximal singularity: that is, there is a geometric discrete valuation (a discrete valuation which is divisorial on a certain model V ♯ of the variety V ) satisfying the Noether-Fano inequality
see [C, I, IM, IP, . The following fact is true: Proposition 2. [P2,P3] For any curve C ⊂ V the estimate
Therefore the centre of the discrete valuation ν on V is a point
the effective algebraic cycle of the scheme-theoretic intersection of the divisors
Take a general line L ⊂ P and let
be the corresponding linear projection. We may assume that
It is an effective divisor on P M −2 . By the Lefschetz theorem the multiplicity of each component of the cycle Z is not higher than n 2 , since Z ≡ n 2 H 2 . Consequently, we may assume that this is true for F , either. Obviously, deg F = Mn 2 . The following fact is crucial in our arguments. Proposition 3. The pair (P M −2 , 1 2n 2 F ) has two properties: (i) it is log-canonical at the point y = π L (x) in dimension 2; (ii) it is not log-canonical at the point y.
Proof of part (i) is given in Section 1, of part (ii) in Section 3.
End of the proof of the theorem. By Proposition 1 we get the estimate
whence M < 6: a contradiction.
Historical remarks and acknowledgements
As we have mentioned above, birational superrigidity of a general hypersurface V = V M ⊂ P M was proved in [P3] . Later superrigidity was proved for general hypersurfaces with isolated non-degenerate singularities [P6] . In 1998 at the Satellite conference on algebraic geometry in Essen Corti suggested to use the ShokurovKollár connectedness principle [Sh,K] for proving birational rigidity. However, the first version of the paper [C] contained a mistake coming from an overenthusiastic generalization of the connectedness principle. Using the wrong argument of Corti, Cheltsov in a few months produced a "proof" of birational superrigidity of an arbitrary smooth hypersurface V = V M ⊂ P M . However, the estimates that he used in his arguments were too strong to be realistic. In December 1998 simple counterexamples to these estimates were constructed (by the author of the present paper and Grinenko). As a by-product, the mistake was discovered in the first version of Corti's paper [C] . Unfortunately, after this mistake had been corrected, it turned out that the new technique made it possible mainly just to give new proofs of the theorems already proved by the classical methods. In the papers [Ch1,2] Cheltsov proved superrigidity of an arbitrary smooth hypersurface for M ∈ {5, 6, 7, 8}; however, some of his arguments are rather doubtful (see a detailed exposition in [I] ).
At the same time, the papers of Park and Cheltsov [Pk, ChPk, Ch3] left some hope that new stronger estimates for multiplicities of divisors on hypersurfaces can be obtained by means of the Shokurov-Kollár connectedness principle. Indirectly this hope was supported by one argument of Corti's [C] (considerably simplified by Cheltsov [Ch3] ) that excluded a maximal singularity over a three-fold non-degenerate double point.
In this paper we use both the classical method of maximal singularities and the connectedness principle. A combination of various ideas makes it possible to prove, at long last, the superrigidity without the annoying assumption of general position (regularity, see [P3] ). However, for other principal classes of higher-dimensional Fano varieties the methods developed here are still not strong enough.
The author thanks Alexander von Humboldt Foundation and Russian Foundation of Basic Research for financial support of his research.
Projections and multiplicities
The aim of this section is to prove part (i) of Proposition 3. The arguments break into two components: first, we prove an estimate for the multiplicity of the cycle Z along an arbitrary surface, second, we extend these estimates for the divisor F in P M −2 .
Singularities of subvarieties on hypersurfaces
Let X ⊂ P be an arbitrary hypersurface, D an effective divisor that is cut out on X by a hypersurface of degree n in P, that is, D ∈ |nH|. As we have mentioned above (Proposition 2), for any curve C ⊂ X \ Sing X the following estimate holds:
see [P2,P3] . This fact can be generalized in the following way.
Proposition 4. Let W be an effective cycle of codimension k, W ∼ mH k in the group of cycles A M −k−1 X, S ⊂ W an irreducible subvariety of dimension k, where 2k + 1 < M. Assume that S ∩ Sing X = ∅. Then the following estimate is true:
Proof will be given for k = 2. Below we use only this case. For an arbitrary k the arguments are completely similar.
Let us use the construction of the paper [P2] : for an irreducible surface T ⊂ X, T ∩ Sing X = ∅, and a point x ∈ P \ X denote by C(x, T ) ⊂ P the cone with the vertex at the point x and the base T . Obviously,
where R(x, T ) is the residual surface. It is easy to see that on the cone C(x, T ) the surface T is rationally equivalent to a hyperplane section. Therefore the intersection
is rationally equivalent in R(x, T ) to a hyperplane section. In particular, this intersection is one-dimenssional and
More precisely, let D(x) ⊂ X be the branch divisor of the projection π x : X → P M −1 . Then the scheme-theoretic intersection T ∩ R(x, T ) coincides with T ∩ D(x). Take a system of homogeneous coordinates (z 0 : z 1 : . . . : z M ) on P and let F (z * ) be an equation of the hypersurface X. If (x 0 : x 1 : . . . : x M ) are the coordinates of the point x, then
of curves on the surface T is free. In particular, if the point x is sufficiently general, then the curve T ∩ D(x) is irreducible and reduced. Now consider the surface R(x, S) and construct a new residual surface
for a general point y ∈ P. Lemma 1. For a general pair (x, y) the intersection
By construction of varieties R(·, ·) it is obvious that outside R(x, S) the surfaces R 2 (y, x, S) and S do not meet. Therefore,
Since the linear system (3) is free, we get the lemma.
It checks easily that outside the surface S the intersection W ∩ R 2 (y, x, S) is zero-dimensional. Thus
This estimate implies immediately Proposition 4 for k = 2 (in the general case one should apply the operation of making a residual surface k times).
How multiplicities change when we project
Abusing our notations, we write P instead of P k . Let Q ⊂ P be an irreducible subvariety of codimension codim Q ≥ 2, q ∈ Q a point. For a point a ∈ P of general position the morphism
induced by the linear projection π a : P − − → P k−1 from the point a, is birational. Set r = π a (q).
Proposition 5. The multiplicities coincide:
if and only if the following two conditions are satisfied: (i) the line L a,q = π −1 a (π a (q)) ⊂ P that connects the points a and q has no other points of intersection with Q:
(ii) the line L a,q is not tangent to Q at the point q:
Proof. For a general plane P ⊂ P k−1 , P ∋ r, of dimension codim Q − 1 we have mult r R = (P · R) r .
Let P + = π −1 a (P ) be the inverse image of the plane P in P. We get
where obviously (P + · Q) q ≥ mult q Q. Thus the equality (4) holds if and only if the condition (i) is satisfied and (P + · Q) q = mult q Q into the bargain. Let ϕ: X → P be the blow up of the point q, E ∼ = P k−1 be the exceptional divisor, Q and P + the strict transforms of Q and P + on X. It is easy to see that for a general plane P the intersection Q ∩ P + is zero-dimensional, so that by the elementary formulae of intersection theory [F] we get
Finally, (4) holds if and only if for a general plane P the intersection
is empty. But P + ∩E is an arbitrary plane of dimension dim P , containing the point L a,q ∩ E = T q L a,q . Consequently, the latter condition takes the form
that is, L a,q ⊂ T q Q, as we need. Q.E.D.
Corollary 1. If codim Q ≥ 3, then for any curve C ⊂ Q for a sufficiently general point a the projection π a : Q → R is one-to-one and preserves multiplicity in a neighborhood of the curve C. More precisely, there exists an open subset U ⊂ Q, that contains entirely the curve C (the complement Q \ U is of codimension 2 in Q), such that (π a | Q ) −1 (π a (U)) = U, the map π a : U → π a (U) ⊂ R is bijective and for each point z ∈ U the following equality holds:
Proof. For two closed sets A, B ⊂ P define
to be the closure of the set, which is swept out by all lines connecting points of A and B. For a closed subset A ⊂ Q let
be the closure of the set, which is swept out by all the tangent lines to Q at the points of the set A. Obviously,
so that dim J(C, Q) ≤ k − 1 and for this reason J(C, Q) is a proper closed subset of the space P. Furthermore, it is clear that T (C, Q) ⊂ J(C, Q). Consequently, for a point of general position
any line L a,q , where q ∈ C, has no other points of intersection with Q and does not touch Q at the point q. Since the conditions (i) and (ii) are obviously open in a and q, there is an open set U ⊂ Q that contains the entire curve C and satisfies (for the fixed a) the conditions (i) and (ii). Q.E.D. for the corollary. Corollary 2. Assume that codim Q = 2, C ⊂ Q is a curve and q ∈ C. For a sufficiently general choice of the point a ∈ P \ Q the projection
is bijective and preserves multiplicity in a neighborhood of the point q. More precisely, there exists an open set U ⊂ Q such that:
a (π a (U)) = U, the map π a : U → π a (U) is bijective and preserves multiplicity;
(iii) for any point z ∈ Γ the line L a,z does not touch Q at z, L a,z ∩ Q = {z, z * }, where z = z * is a smooth point of the variety Q and L a,z does not touch Q at the point z * . Proof. In this case J(C, Q) = P, so that for any point a ∈ P there are points q ∈ C where the projection π a increases the mupltiplicity. However, if A ⊂ C is any finite set of points then dim J(A, Q) ≤ k − 1. Therefore for a general point a ∈ P there exists an open set U ⊂ Q such that both conditions (i) and (ii) are satisfied. (In order to get the condition (i), it is enough for the set A to contain at least one point a i ∈ A, a i ∈ C i , for each irreducible component C i of the curve C.)
Furthermore, dim(C, Sing Q) ≤ k − 1, so that for any point z ∈ Γ the line L a,z meets Q (leaving aside the very point z) at smooth points only. Counting dimensions, it is easy to see that for a general point a the intersection L a,z consists of precisely two points z, z * , whereas at z * this intersection is transversal. Q.E.D.
Singularities of the divisor F
Let us prove part (i) of Proposition 3. In the arguments below the symbols Z and F mean sometimes not the very cycles Z and F but their supports Supp Z and Supp F . However, in each case it is clear what is meant. Let C ∋ x be a connected component of the set
If C = {x} is a point, then by Corollary 1 in a neighborhood of the point y = π L (x) for any point z = y we have
so that the pair (P M −2 , 1 2n 2 F ) is log-terminal at the point y in dimension one. So we assume that C is a connected curve. Let us represent the projection from a line L as a composition of two projections: 
Therefore any variety W ⊂ Supp F which has a non-empty intersection with π a (U a ) and is not contained entirely in π L (C) cannot be a log-centre of the pair (P M −2 , 1 2n 2 F ). It remains to consider any of the "bad" points
where p * = p is a smooth point of one of the irreducible components of Z, and moreover the intersection of L a,p and Z b at the point p * is transversal. These properties of the point p are open, so that there exists a neighborhood U p ∋ p of the point p, all the points of which also satisfy these properties. In other words:
(i) for any point q ∈ U p the line L a,q is not tangent to Z b at the point q, so that denoting by π a (Z q b ) that branch of the set π a (Z b ), which is the image of the branch of Z b at the point q, we get the equality of multiplicities
(ii) the intersection L a,q ∩ Z b consists of either just one point q (the case of general position), or of a pair of points {q, q * }, q * = q, where q * is a smooth point of some component of the set Z b and intersection of L a,q with Z b at the point q * is transversal. In the first case
in accordance with (i). In the second case two branches of the set F meet at the point π a (q). On the both branches the map π a preserves multiplicity, so that
since the multiplicity of any irreducible component of the cycle Z is not higher than n 2 . Now recall that C b is a connected component of the set {z ∈ Z b | mult z Z b > n 2 }. By (5) this implies that in a neighborhood of the point π a (p) the connected set π a (C b ) contains all the points z ∈ F where
Therefore the pair (P M −2 , 1 2n 2 F ) is log-canonical at the point y = π L (x) in dimension 2.
Log-canonical singularities
In this section we prove Proposition 1. The arguments are based on the connectedness principle of Shokurov and Kollár.
The connectedness principle of Shokurov and Kollar
We will need a very particular case of this principle. Let X be a smooth variety, 
has normal crossings on Y . Write down
The connectedness principle (Shokurov [Sh] , Kollar [K] ). Assume that the class −(K X + D) is numerically effective and big. Then the closed algebraic set f (
Proof is based on the Kawamata-Viehweg vanishing theorem (see [K] ; for the vanishing theorem, see [Kw,V,EV] ).
2.2
Log-canonical singularities of divisors in P k Let us prove Proposition 1. It is sufficient to prove the "terminal" version of the proposition, since the "canonical" version is its direct implication. Moreover, since the property of being log-terminal is open with respect to the coefficients d i , we may assume that the inequality (2) is strict, that is,
Now assume the converse:
By assumption dim LC(X, D, x) ≤ l − 1, so that for a general plane P ⊂ P k of codimension l we get P ∩ LC(X, D, x) = ∅.
To simplify our notations, we write in this section P instead of P k . Fix such a plane P . Denote by Λ P ⊂ |H| the linear system of hyperplanes containing P . If l = 1, then Λ P = {P }. In this case H ♯ = P . If l ≥ 2, then the linear system Λ P is free from fixed components, Bs Λ P = P . In this case set
where ε > 0 is a small rational number, {H i | i ∈ I H } is a general set of hyperplanes in Λ P and deg
Outside the plane P the closed sets
Proof. This is almost obvious. Let f : Y → P be a resolution of the pair (P, D). Clearly outside P the divisor H ♯ has normal crossings and
so that on Y \ f −1 (P ) we get
Moreover, since on Y \ f −1 (P ) the linear system f * Λ P is free, the divisor
has on Y \ f −1 (P ) normal crossings. Taking into account that ε > 0 is small, we get finally:
which is what we need. Now write down
for some resolution f : Y → P of the pair (P, D ♯ ), where for l = 1 we have ε = 0, E = P and e P = −1, and for l ≥ 2 the exceptional divisor E is determined by the condition that f (E) = P and in a neighborhood of the general point of E the morphism f : Y → P is the blow up of the plane P .
Lemma 3. e P = −1. Proof: indeed,
whereas the discrepancy of E is equal to a(E) = codim P − 1 = l − 1, whence we get the claim of the lemma. Note that −(K P + D ♯ ) is a numerically effective and big class: more precisely, it is equal to (k + 1 − l − deg D) > 0. Now by the connectedness principle the set
is connected. However, the connected component LC(P, D, x) by assumption is nonempty and moreover LC(P, D, x) ∩ P = ∅.
Therefore the closed set LC(P, D) ∪ P has at least two connected components. A contradiction. Q.E.D. for Proposition 1.
The main construction
In this section we prove part (ii) of Proposition 3. The argument is based on the geometric construction introduced in [P2] .
The direct image of a maximal singularity
Let π: P − − → P M −2 be the linear projection from a general line L,
its restriction onto the hypersurface V . The map π L | V is not well defined at the M points of intersection L ∩ V . Blow these M points up:
and denote the regular extension of the map π L | V on V by the symbol
The following properties are satisfied when the line L is sufficiently general:
(1) L ∩ Z = ∅, so that Z = σ −1 (Z); (2) the curve π −1 (y) is smooth, meets Z at the unique point x and is not tangent to Z at x; (3) the morphism π is birational on each irreducible component of the cycle Z. In the paper [P2] the direct image π * ν of the geometric valuation ν was defined. Let ϕ: X → P M −2 be a birational morphism, resolving the valuation π * ν. In other words, X is smooth, {E i | i ∈ I X } is the set of exceptional divisors, where
and for some exceptional divisor E = E a we get
Geometrically, it means the following. Take
Taking into account (6) and the fact that the fiber π −1 (y) is non-singular, we see that the variety V * is smooth and the projection
Proof. By construction π * Z = F ; therefore, π * Z = F . Thus we get:
where F is the strict transform of the cycle F on X, b i ∈ Z are uniquely determined integers. On the other hand,
where c i = ord E i F ∈ Z + . However, by the previous corollary (and the standard theorems of intersection theory [F, 1.7 and Ch. 8] )
(here f * , ϕ * and σ * are pull back operations in A * , π * is the direct image, preserving dimension), so that the classes of divisors
Consequently, b i = c i for all i ∈ I X , which proves the lemma. Corollary 4. The following equality holds:
3.3 Computation of ν E (F )
The right-hand side of the equality (7) is not hard to compute (actually, this has already been done in [P2] ). Namely, let
be the sequence of blow ups of centres of the valuation ν, starting with 
Let the integers p ij for i > j stand for the number of paths in the graph Γ of the valuation ν with respect to V * , p ii = 1, that is,
By the standard formulae of the intersection theory [P3, Appendix B] , see also [P4] , we get
On the other hand, the Noether-Fano inequality for ν gives the estimate
where p i = p N,i and a(E) = discrepancy(E). Proof of (8). Recall the Noether-Fano inequality ν(Σ) > n · discrepancy(ν).
Here ν(Σ) = ν(Σ * ), since Σ * is the pull back of the linear system Σ on V * . By the standard technique, ν(Σ * ) is the left-hand side of (8). Let us estimate the discrepancy of the valuation ν with respect to V : we get
so that a(ν, V ) ≥ a(E, V ) · ν(E * ) + a(ν, V * ).
Since centre(ν, V * ) = ∆ ⊂ E * , we obtain the inequality ν(E * ) ≥ ν(E * 1 ) = p 1 (in fact, one can say more precisely that
where (E * ) i−1 is the strict transform of E * on V ♯ i−1 , but we do not need that). Finally, all the centres B i−1 are of codimension 2, so that
which is what we need. Corollary 5. The following estimate holds:
Proof. Compute the minimum of the quadratic form
on the hyperplane
The minimum is attained for µ i = p i λ, where the common constant λ can be obtained from (11). Elementary computations complete the proof. Corollary 6. The following estimate holds:
Proof. Assume first that N ≥ 2. Opening the brackets in (9), we obtain the inequality
But p 1 ≥ p i for all i = 1, . . . , N, so that p 1 p i ≥ p By the definition of the integers p i we get
whence we get the estimate (12) for N ≥ 2. If N = 1, then p 1 = 1 and ν E (F ) > n 2 (a(E) + 1) 2 , but (a(E) + 1) 2 = 2a(E) + a(E) 2 + 1 ≥ 2a(E) + 2, which is what we need. It remains to note that the estimate (12) means precisely that the pair (P M −2 , 1 2n 2 F ) is not log-canonical at the point y. The proof of Proposition 3 and thus of our theorem is complete.
